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Abstract: Plant metabolites are exploited for biotechnological, biomaterial and 
recently nanomedicine applications. The dynamics of plant metabolic 
networks are predominated by the activities of enzymes. These enzymes 
regulate metabolic pathway via a concerted interplay of many biochemical 
reactions essential to sustain life. Differential mathematical modeling of 
metabolic pathway is often closely associated with changes in metabolite 
concentrations that are described by enzyme kinetic rate laws, such as the 
Michaelis-Menten equation. Metabolic pathway with enzyme kinetic model 
was adopted and Differential Transform Spectrum was formulated, solved 
al solutions for 
the models of the concentration of substrate and product using differential 
transformation method (DTM) for all values of reaction-diffusion parameters. 
It is hoped that the simulation results will be useful for improving the 
productivity of meaningful plant metabolites for medicinal and industrial use.  
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Introduction 
Plant metabolism represent enormous 
source of bioactive compounds with 
pharmaceutical and biotechnological 
importance. Currently, most 
commercialized metabolites are 
extracted from native plant sources or 
are semi-synthesized from metabolic 
intermediates. However, the natural 
manufacturing process has been 
overshadowed by low yield and 
numerous technical difficulties [1].  
Models of plant metabolic pathways 
continue to play an important role in 
systems wide approaches to plant 
metabolism. Metabolic pathway is a 
sequential reaction involving the 
conversion of reactants to product 
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coordinated by enzymes, acting in 
organized sequences, catalyze 
hundreds of stepwise reactions that 
breakdown nutrient molecules, 
preserve and convert chemical energy, 
and make biological macromolecules 
from simple precursors [2]. 
 
Mathematical modelling of metabolism 
is a powerful technique for gaining 
sufficient quantitative understanding of 
complex metabolic pathways in order 
to alter the distribution of metabolic 
flux or to rationally design metabolic 
pathways for new products [3].  
Integrating mathematical formalism 
with available information can be used 
to simulate metabolism [4, 5]. 
 
       
 
Figure 1.0: Schematic of the Differential equation for the change in metabolite 
concentrations. S1 is the substrate and S2 is the product [6]. 
 
To make these mathematical analysis 
and visualization convenient, 
computational platforms have been 
developed, which has made the 
construction of kinetic models the 
central focus of mathematical modelling 
in biochemistry and plant science [1, 
16].  
Kinetic modeling requires the input of 
the dynamic behaviour of enzymes [7]. 
In this approach, each reaction is 
defined in terms of an enzyme that 
catalyzes the conversion of its substrate 
in to a product such as the michealis-
menten kinetics. Typically, a system of 
ordinary differential equations (ODEs) 
is used to describe the time-dependent 
changes in state variables, i.e., 
metabolite concentration, protein 
abundance or the amount of transcripts. 
In the context of metabolic systems, the 
sum of synthesizing and degrading rates 
of enzyme reactions defines the time-
dependent change in metabolite 
concentrations [8, 15]. 
 
The representation of biological systems 
by sets of ODEs has successfully been 
applied to various processes in plant 
biology and also in the comprehensive 
analysis of plant-environment 
interactions [9].  Following the advances 
in analytical techniques, measurement 
of the concentrations of intracellular 
metabolites and the activities of 
intracellular enzymes has allowed for 
the formulation of more structured 
models that have increased the 
possibility for interpretation and 
prediction of cell physiology. As a 
result, in this study we have arrived at 
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an analytical expression corresponding 
to the concentration of substrate and 
product using differential transformation 
method (DTM) for all values of 
reaction/diffusion parameters. 
 
The concept of differential 
transformation method was first 
proposed by Zhou in 1986 [10]. It is an 
iterative procedure for obtaining 
analytic Taylor series solutions of 
differential equations [11]. . 
 
The main advantage of this method is 
that it can be applied directly to linear 
and nonlinear ODEs without requiring 
linearization, discretization or 
perturbation. Another important 
advantage is that this method is capable 
of greatly reducing the size of 
computational work while still 
accurately providing the series solution 
with fast convergence rate. 
This study describes an analytical 
solution to plant metabolic pathway 
with enzyme kinetic model using DTM.  
 
Materials and Methods  
Mathematical Formulation of the 
Problem 
Plant metabolic pathway with enzyme-
kinetic models equation was adopted 
from the work of Rajendran and Deena 
[12]. Where S and P are the 
concentrations of the two metabolites, in 
equations (1), (2), (3) and (4). R1, R2, R3, 
Ds, Dp, Vmax, KM, K1, and K2 are all 
embedding parameters. 
 
 
   (1) 
 
         
   (2) 
 
 
Where S is imported into the modeled 
system by R1, converted to P by R2, and 
finally taken out of the system by R3 
where Ki are parameters indicating the 
velocities of the reactions, S and P are 
the concentrations of the two 
metabolites. R1 Carries a constant flux, 
while R2 and R3 follow mass action 
kinetics; In case of R2 the product P is 
acting as an activator of the reaction. At 
this point it is important to account for 
reversibility as well as inhibition or 
activation of an enzyme, since omitting 
these effects is a common cause of 
unrealistic behavior [13]. A general 
scheme (Figure 1) that represents the 
change in metabolite concentration is 
shown above: The differential equations 
for the metabolites can be established 
from Eq. (1) and Eq. (2) respectively. 
 
 
      (3) 
 
 
      (4) 
 
 
where S and P are the concentrations of the two metabolites, Ds and Dp are the 
diffusion coefficients, Vmax are the  
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maximal velocity of the enzymatic reaction, Km are the Michaelis-menten constant, K1, 
K2 are parameters indicating the velocities of the reactions. In the above equations the 
initial and boundary conditions are given by 
                                                                   
      (6) 
 
We introduce the following set of dimensionless variables:                                                  
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The above non-linear differential equations are expressed in the following 
dimensionless form: 
 
     (8) 
 
 
                                                                                  
 (9) 
 
Where α, α1 and β are the saturation parameters, x is the dimensionless distance, m1=µ1 
and m=µ are diffusion parameters, u and v are the dimensionless concentration. The 
boundary conditions in non-dimensional form for the studied cases are: 
    
0 : 0, 0
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x u
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  
  (10) 
    
1: 0,v 1x u  
  (11) 
 
Differential Transformation Method 
(DTM) 
To illustrate the differential 
transformation method (DTM) for 
solving differential equations systems, 
the basic definitions of differential 
transformation are introduced as 
follows. 
Let x (t) be analytic in a domain D and 
let t = ti represent any point in D. The 
function x (t) is then represented by one 
power series whose center is located at 
ti. The differential transformation of the 
kth derivative of a function x (t) is 
defined as follows: 
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In (12), x (t) is the original function and X (k) is the transformed function. As in [3, 4] 
the differential inverse transformation of X (k) is defined as follows: 
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Hence, from (12) and (13), we obtain 
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Equation (14) implies that the concept 
of differential transformation is derived 
from the Taylor series expansion. From 
the definitions of (12) and (13), we 
show that the transformed functions 
comply with the following basic 
mathematics operations (see  
 
Table 1, below) 
 
              Table 1: Operations of the one dimensional differential transform 
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Analytical Experimentation 
Firstly, we carried out the differential transformation of the initial and boundary 
conditions, equations 10 and 11. 
The spectral formalism of the differential transform of equations (8) and (9) are given 
as 
       
(12) 
       
(13) 
 
Applying this method and solving using 
Mathematica Software (Wolfram Inc. 
USA), we obtain the analytical solutions 
to Equations. (8) and (9). 
 
  
Results and Discussion  
The metabolic pathway with enzyme 
kinetic model equations represents the 
approximation analytical expression of 
concentrations of substrate S and 
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product P. Figure 2. (a)-(c) for various 
values parameter µ, α, α1, β. Also, the 
value of concentration of substrate u(x) 
is equal to zero when x=0 and 1. From 
the Figure 2a, it is observed that the 
substrate concentration of u(x) slowly 
increased when m increased for small 
value of other parameters and then it 
reaches the maximum values at x=0.5. 
Similarly, in Figure 2b, the value of 
concentration of substrate u(x) slowly 
decreased when β decreased for large 
value of other parameters. 
Also, value of concentration substrate 
u(x) increased when α decreasesd for 
large value of other parameters (Figure 
2c). Figure 3(a)-(c) represents the 
comparison of analytical expression of 
concentration of product with simulation 
results from the Figure 3a. It is inferred 
that the concentration of product v(x) 
slowly increased when small values of 
µ1 is added. In Figure 3b the product 
concentration v(x) increased when β 
decreased for large value of α1 and µ1. 
Also, value of concentration of product 
v(x) increased when α1 increased for 
different value of saturation parameter β 
and diffusion parameter m1 (Figure 3c).   
 
Conclusion 
In this study, the space dependent and 
time independent, non- linear 
reaction/diffusion equation has been 
adopted and solved analytically. An 
approximate analytical expression for 
the concentration of substrate and 
product are obtained by using the DTM. 
The DTM was used in a direct way 
without using linearization, perturbation 
or restrictive assumptions. The primary 
result of this work is simple 
approximate calculation of 
concentration for all possible values of 
parameters. This method, unlike most 
numerical techniques, but like the HPM 
provides a closed-form solution [14]. 
We conclude that the DTM can be 
easily extended to find the solution of 
all other non-linear reaction diffusion 
equations in metabolic modeling for 
various complex boundary conditions 
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Figure  2.0: Concentration profiles of substrate u(x), 
for different values of (2a) µ (2b) β, for β= 7 (Dark 
blue), β = 5 (Green), β = 3 (Red), β = 1 (Yellow), β = 
0.01 (Light Blue) and (2c) β, for β= 7 (Dark blue), β = 5 
(Green), β = 3 (Red), β = 10 (Yellow), β = 100 (Light 
Blue). 
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Figure 3.0: Concentration profiles of product v(x) 
for different values of (3a) µ1, for µ1= 9 (Red), 
µ1 = 5 (Blue), µ1 = 3 (Yellow), µ1 = 2 (Green), 
(3b) α1, for α1= 7 (Red), α1 = 5 (Blue), α1 = 3 
(Yellow), α1 = 0.01 (Green), (3c) β. For β= 150 
(Yellow) and β = 0.01 (Green). 
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